
Brief Introduction to Trotter Rescaling, Lie and

Suzuki Approximants(by rrtucci)

Suppose A,B ∈ Cn×n and t ∈ R. Define

L1(t) = etAetB . (1)

In this document, we will refer to L1(t) as the Lie first-order approximant of
et(A+B). We call it a first-order approximant because, for small t, according to the
Baker-Campbell-Hausdorff expansion[1, 2],

L1(t) = et(A+B)+ t2

2
[A,B]+O(t3) = et(A+B) +O(t2) . (2)

But what if t isn’t small? Even when t is not small, one can still use the Lie
approximant to approximate et(A+B). Indeed, if N is a very large integer, then
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Henceforth, will refer to this nice trick as a Trotter rescaling of an approximant (in
this case, the Lie approximant). See Fig.1.
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Figure 1: Lie algebra “Physicist’s picture” of Trotter rescaling. The system moves
from 0 to A + B, by moving in small increments in the A and B directions.

Next define
S2(t) = et A

2 etBet A
2 . (4)
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We will refer to S2(t) as the Suzuki second-order approximant . One can show[1]
that for small t:

S2(t) = et(A+B)+ t3
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+B,[B,A]]+O(t5) = et(A+B) +O(t3) . (5)

Suzuki[3] also defined higher order approximants based on S2(t). For k = 1, 2, 3, . . . ,
define the Suzuki (2k + 2)th-order approximant S2k+2(t) by

S2k+2(t) = S2
2k(a2kt)S2k((1− 4a2k)t))S

2
2k(a2kt) , (6)

for some a2k ∈ R. It is possible to show that for k = 1, 2, 3, . . . and small t:

S2k+2(t) = et(A+B) +O(t2k+3) , if a2k =
1

4− 4
1
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. (7)

(a2k)k=1,2,3,... is a monotone decreasing sequence with a2 = 0.4145... and limk→∞ a2k =
1/3.

As with the Lie approximant, is possible to do a Trotter rescaling of the Suzuki
approximants. One finds that for k = 1, 2, 3 . . . , large N and fixed t:
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